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Abstract. A general theory of thermal magnetic fluctuations near the
surface of conductive and/or magnetically permeable slabs is developed;
such fluctuations are the magnetic analog of Johnson voltage noise.
Starting with the fluctuation-dissipation theorem and Maxwell’s equa-
tions, a closed-form expression for the magnetic noise spectral density is
derived. Quantum decoherence, as induced by thermal magnetic noise, is
analyzed via the independent oscillator heat bath model of Ford, Lewis,
and O’Connell. The resulting quantum Langevin equations yield closed-
form expressions for the spin relaxation times T1, T2, and T1ρ. For real-
istic experiments in atomic physics, quantum computing, and magnetic
resonance force microcopy (MRFM), the predicted relaxation rates are
rapid enough that substantial experimental care must be taken to mini-
mize them. At zero temperature, the quantum entanglement between a
spin state and a thermal reservoir is computed. The same Hamiltonian
matrix elements that govern fluctuation and dissipation are shown to
also govern entanglement and renormalization, and a specic example
of a fluctuation-dissipation-entanglement theorem is constructed. We
postulate that this theorem is independent of the detailed structure of
thermal reservoirs, and therefore expresses a general thermodynamic
principle.
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1. Introduction
The engineering control of quantum decoherence is central to several emerg-
ing scientic goals. One such goal is the direct observation of molecular
structure|in three dimensions and with single-atom resolution|by mag-
netic resonance force microscopy [?]. Another is the solution of otherwise
intractable mathematical problems|like factoring large numbers|by quan-
tum computing [?].
At present, the main practical obstacle to achieving these goals is that
the various mechanisms that cause quantum decoherence are not yet fully
cataloged and understood. In consequence, quantum-coherent experiments
often reveal unexpectedly fast decoherence rates, due to unanticipated|or
even previously unknown|relaxation mechanisms. Similar struggles with
decoherence have occupied previous scientic generations; Orbach [?] for
example reviews the forty-year struggle to achieve a reasonably comprehen-
sive understanding of relaxation in electron spin resonance.
This article is concerned with a decoherence mechanism which is ubiqui-
tous in quantum-coherent technologies: thermal magnetic noise. Physically
speaking, thermal magnetic noise is created by the same thermal current
fluctuations that create Johnson noise. Thus, thermal magnetic noise is
present in any device that contains electric conductors.
We will be mainly concerned with practical engineering aspects of ther-
mal magnetic noise, but we will also give an explicit example|the rst in
the literature to our knowledge|of a fluctuation-dissipation-entanglement
theorem. Such theorems may be broadly dened as invertible functional re-
lations between the dissipative kernel of a system and the system’s quantum
entanglement with a thermal reservoir, such that the entanglement deter-
mines the dissipation and vice versa.
This article is organized as follows. Prior work relating to thermal mag-
netic noise is reviewed in Section 1.1. The main new results are summarized
in Section ??, these results consist of closed-form expressions for the mag-
netic noise spectral density (Section ??), quantum decoherence (Section ??),
and a fluctuation-dissipation-entanglement theorem (Section ??). The prac-
tical implications of these results for quantum-coherent engineering are dis-
cussed in Section ?? via worked examples for trapped atom experiments
(Section ??), magnetic resonance force microscopy (Section ??), and quan-
tum computing (Section ??). Some topics for further research are suggested
in Section ??.
Algebraically tedious derivations are relegated to three appendices. Ap-
pendix ?? derives a closed-form expression for the magnetic noise spectral
density, Appendix ?? derives quantum Langevin and Bloch equations that
describe decoherence in the presence of thermal magnetic noise, and Appen-
dix ?? derives fluctuation-dissipation-entanglement theorems for both spin-12
particles and harmonic oscillators, as well as relations between dissipation
and renormalization.
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1.1. Prior work relating to thermal magnetic noise. The quantum
eld theory of electromagnetic fluctuations in lossy linear media is presented
in textbooks by Landau, Lifshitz, and Piaevskii [?] and by Rytov et al. [?].
Far from a warm body, this theory describes fluctuations which are simply
the familiar phenomenon of black-body radiation. Near to a warm body,
the situation is considerably more complex. Non-radiating terms in the eld
theory become important, and create phenomena such as the Casimir force
(identical to the Van der Waals force), which is familiar from chemistry and
force microscopy. Recently, Dorofeyev et al. [?] have observed the attractive,
fluctuating and dissipative components of the Casimir force, which were in
good agreement with eld-theoretic predictions.
The Casimir force arises mainly from fluctuating electric elds, which do
not directly couple to the spin magnetic moments. Our investigation instead
focuses on thermal fluctuations in magnetic elds.
To the best of our knowledge, the theory and experiments of Varpula
and Poutanen [?], as reviewed and extended by Nenonen, Montonen, and
Katila [?], were the rst experimental observation and theoretical analysis
of thermal magnetic fluctuations. Their work focussed on biomagnetism
experiments, in which magnetic fluctuations originate in the copper walls
of shielded rooms; such noise can be easily large enough to obscure bio-
magnetic signals. They presented a phenomenological model of thermal
magnetic noise in which metallic conductors were modeled as collections of
independent thermally excited resistive elements. The resulting predictions
were in excellent accord with experiment.
Quantum-coherent technologies operate in a vastly dierent regime from
biomagnetism experiments. Ambient temperatures T are as low as is ex-
perimentally feasible|a few Kelvins down to millikelvins|and observation
frequencies ! are megahertz to gigahertz, such that ~!  kBT .
Quantum-coherent phenomena dominate this physical regime. The ap-
plicability of the Varpula-Poutanen noise model then becomes uncertain,
because the model is derived from a purely phenomenological description of
thermal noise in room-temperature conductors. We have therefore sought
to improve and extend the Varpula-Poutanen model in ve respects:
1. Rigorous quantum mechanical and thermodynamic foundations have
been provided via the fluctuation-dissipation theorem.
2. The results now encompass superconducting materials and/or materi-
als with non-vanishing magnetic susceptibility.
3. A closed-form expression for the thermal magnetic noise spectral den-
sity has been obtained.
4. Bloch equations describing quantum decoherence have been derived
via a quantum Langevin formalism and the independent oscillator heat
bath model of Ford, Lewis, and O’Connell [?].
5. Fluctuation-dissipation-entanglement theorems have been constructed,
and the link between dissipation and renormalization has been claried.
